Unit - VII

Numerical Methods - 3
Introduction

We have already discussed (Unit - III) theoretical solution of three important partial
differential equations (p.d.es) namely, one dimensional wave equation, one
dimensional heat equation and two dimensional Laplace’s equation subjected to
certain given conditions. They are referred to as Boundary Value Problems (B.V.Ps).

In this unit we discuss numerical solution of these p.d.es.

Classification of PDE s of second order

The general second order linear PDE intwo independent variables x, y isof the form
Auxx+Buxy+Cuyy+Dux+E uy+Fu =0

where A, B, C, D, E, F are in general functions of x and y.

This equation is said to be

(1) Parabolic if B2-4AC=0

(2) Elliptic if B*-4AC <0

(3) Hyperbolic if B°-4AC>0

Now let us examine the nature of three PDE s which are under our discussion.

PDE A B C | B2—4AC W Nature of the PDE

e —— — — b .- JE O — —— S
i . —_

i 1. - Onc dimensional
~; wave equation : 2 . 0 -1

2

. i 4250 | Hyperbolic
ccu,_ —u,=0": _
xx

i SO R _!

2 ' One dimensional ; !
heat equation: ' 2 | o | 0 |0 Parabolic
e u, —#, =0 ' '
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Finite difference approximation to ordinary and partial derivatives

Let y = y(x) and its derivatives be single valued continuous functions
of x. We have by Taylor’s expansion,

h2 h3

yx+h) =y CO+hy (2)+ 50y " (x)+ 57y (x)+-- (D)
h2 h3

ylx=h)y=y(x)~hy’ (x)+ 5 y"(x)= 5y (x)+--- - (2)

Assuming h to be small we shall neglect terms containing K, 1, in (1) and (2)
so that we have

y'(x) = Ji(“hz“y(x) from(1) & y’(x) = M-);g(iﬁ—) from (2).

Alsowehaveby (1) - (2) y'(x) = y(x“'h);hy(x—h)

These three expressions for y’(x) are the finite difference approximation in terms
of forward, backward and and central difference respectively.

Also (1) + (2) by neglecting terms containing }13, K will give us,
y(x+h)+y(x—h) = 2y(x)+h2y”(x)

yx+h)-2y(x)+y(x-h)
n?
This is the finite difference approximation for y” (x).

or y7(x) =

Extension to the partial derivatives

Let u = u(x, y) be a function of two independent variables. The finite difference
approximation for the first order partial derivatives : LS and second order partial

derivatives : Uy s yyy are as follows.

U _u(x+h, y)-u(x, y)
= 2

u =5 )
_ 0w _ulx,y)-ulx-hy)
ux“ax‘" h - (2)

ha_l{_u(xfh,y)—u(x—h,__ﬂ '
ux—ax_ 5 3
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ou _u(x, y+k)—u{x y)

I{F:_E}_y: i o)
_du u(x, y)-u{x y-k)
”.‘r’_ay_ P ... {5
_Ou_u(x yrk)-u(x y-k)
u_‘r’_ay_ 2k -(6)
2
M, = % = -112- [n(:u-h, yy=2u{x, y)+u(x—"f y)} A7)
' !
O u 1
yy = ;1;2 = ; [u(.\‘, y+k)y=2u(x y)+u(x, y—k)} ... (8)

Numerical solution of a PDE

Consider a rectangular region R in the x -y plane. Let us divide this region into a
network of rectangles of sides h and k. In other words, we draw lines
x=ihby=jk;i j=1 2,3 - being parallel to the ¥ - axis and X axis
respectively resulting into a network of rectangles. The points of intersection of these
lines are called mesh points or grid peints or pivotal points.

J\}/

{(x.y+2k)
(x.y+k)

(x=2h )| (x=hy)] (xy) |(xehy)f(xr2ny)
¢ ¢ <

(x.y—k)
(x.)-2k)

Vk

Wewrite u (x, y) = u(ih, jk) and thefinite difference approximation for the partial
derivatives given by (1) to (8) are put in the following modified form.

1

ux:ﬁi[”iﬂ,j_ui,j} o CED)
1¢

i, = }I—Lui’}. - u;._]’”l (Fz)
_ 1

ux_zh[”iﬂ,j"”i--l,j} ...(P3)
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_ 1
uy_k[ui,jJr’I ur;}
1 1
”y‘k[“:;f Y-t
_ 1
uyhzk[ui,]+1 ’]_1}
1

Pex T 2 l:ui-l,j_zui,j + ”i+1,;}

_1 2
"y T 2 [”i,;‘—f Wit ”i,;'+1}

AF

. (F

4)

- (F5)

o)

.(F7}

C(Fy)

The substitution of these finite difference approximations into the given PDE converts
(approximates) the PDE into a finite difference equation. We solve this equation under
the given set of conditions. Any condition involving partial derivative is also

approximated interms of finite differences appropriately.

This will enable us to determine u; ; explicitly at ali the interior mesh points. These

values constitute a numerical solution to the given PDE.

We discuss numerical solution of the three important PDE s namely
(1) One dimensional wave equation
(2) One dimensional heat equation

(3) Two dimensional Laplace equation.

Numerical solution of the one dimensional wave equation

We seek the numerical solution of the wave equation

2 —
C Hyy = Uy

subject to the boundary conditions
u(0,t)=20
u(l, t)y==0

and the initial conditions
u(x, 0) = f(x)
u,(x, 0} =0

D

.. (2)
.. (3)

@
.. (5)

We shall substitute the finite difference approximation for the parfial derivatives

presentin (1). [ F, and Fg are to be used ]
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2 1 1.1
'hz[ui—l,j_zuf,j+1{£+1,jJ_k2[”1}}'—1_2”:‘,j+u£j+lJ

AL

2
2 _
or c [ui—l,j"zui,j"'uiﬂ,ﬂ_ 2 [ui,j—]"zui,j+”i,;’+1}
Taking k/h = A we have,

2 42
¢ A [ui—l,j_zui,j+1‘i+1,jJ

[“f,j—l"zuf,j"’“f,jm}

2 2 42
i e =2(1-2 2 )uH+c A (""z'—l,j+“i+1,j)_”£,j—1 ... (6)

For convenience let us choose A suchthat 1-¢* A2 = 0
e, 1-C(Hy=0 or ¥ =h/PE =k =hsc
Thus (6) reduces to the form
Mije1 T Hiog T e, T M - (7)
This is called the explicit formula for the solution of the wave equation.

Further we express the initial condition (4} involving partial derivative w.r.t. t in terms
of finite differences. We consider

1 .
=5k [ui,j+1_”r‘,,f—1j (ByFy)

ur(x, 0) =0 gives 21;5 [u.i’ 1‘”:’,—1} =0 (Taking j = 0)

or Ui T g ..(8)
Putting j = 0 in (7) we get
Mir = %o 0t Hivr, 0 %
ie., Moy =Wy 0t Uiey 0 U g by using (8).
or Zup g =g, 0t Uiy g
_1 9
ui,l_z[“i—1,0+uf+1,(l} - )

Further (0, t) =0 and u(l, t) =0 means u01.=0 and Uy ;= 0 which

implies that the values along the first column and last column are zero.

u(x, 0) = f(x) means u; , = f(x) give the values of u along the first row.
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Finally u (x, () = 0 modified into the form (9) giving Hi g will give us the values

of 1 along the second row. These values will help us to obtain the rest of the value of
u at the mesh points by the explicit formula (7).

Thus we are able to determine u (x, #) atall interior mesh points.

Working procedure for problems

< Basedonthegivenstepsizes h and k, we form the rectangular network of sides
h and k.

< Given h only we can get k = h/c. The points of division of x are
Xg, Xy = Xg+h, x, = x3+2h, .- x, = x,+nh and thatof { are

£, f =t0+k, f2=t0+2k,---tn=tu+nk.

0"

= We form the basic informative tabie :

. x ) *o *] 2 Ty |
. 0 | 1 i 2 : n !
e e e e _._..\T_ - e e : e e —— _L_ - H — - _ ‘|
i o | O] My Uy i 0 1 o0
______ _ ) Ao - |
L h 1_‘T _ o R a1
| H
o 2 SO S S S B
|
I L R
O A N S uno 1 My Yuon

< We instantly write the value of u, j with reference to the conditions

(0, ty=0and u(l, t)=20
[Values along the first and last column are zero]

= The values along the first row are obtained by direct computation using the
condition #(x, 0) = f(x)

D The values along the second row are obtained by the relation
1
i1 =57 [ui--l, o T M, 0}

Rest of the values are found from the relation

Hijer T Mg p T M T
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WORKED PROBLEMS

-3 -2

1. Sofve the wave equation —(;}—ii = 4 d—% subject to 4 = (0, t) =0, u(4, ) =0,
i dx

U, (x, 0y =0and u(x, 0)=x{(d-x) bytaking h =1, k = 0.5 upto four steps.

>> Stepsizeof x : h =1 ; Stepsize of t : k =05

Since 0 < x < 4, the points of division are 0, 1, 2, 3, 4. Since k = 0.5, the values
corresponding to t upto four steps are 0, 0.5, 1, 1.5 and 2. We have the following
initial table. The values in the first and Jast column are zero since
(0 ty=0=u(4, 1)

S 1 2 b3 A

; . . -0 !

t 0 Mg g = 0 My o Uy ¢ * iy o LUy 0 i
t 0.5 DUy = ( My My +| Hy 4 U 0
. ! L e |
r2 1 i iy 5 = 0 Hy Hy o 1:31 3 1_ ty 5 0 .
R e

ty 15 | g 3 = 0 Uy 3 Hy 5 l iy 5 | ty 5 = 0
NS U 2 o | . :

| _ ! P = i

I N T e Y24 | My M a=0

Now consider #(x, 0) = x(4d-x)

iy g =1(L,0)y=3 0, =u(2,0)=4;u; =3

1,0~ 2,

(The first row in the table is completed)

[ u

Next consider «;, | = i, ot

1T 2
1. 1

Hy 1 =5 | Uy ot g =2-(0+4)=2
1r 4 1

y 4 =5 Hy gty g =-2—(3+3)=3
1 - - 1

Hy 1 =5 | o, 0ty o =E(4+())=2

(The second row in the table is completed)
We now consider the explicit formula to find the remaining values in the table.

H i

= “:‘—1,j+ Higq ST o

i j+1
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Uy o = Uy qtuy j=u o= 0+3-3=20
Up g =My qtUy (—Hy o= 2+2-4=20
y o =l Fly (—Hy 4 =3+0-3=0
(The third row is completed)
Wy g = Uy otUy o=l 4 = 0+0-2=-2
Uy 3 = Uy ptuy o=ty | =040-3=-3
=0+0-2=-72

Ha, 3 T Hy oty p T3
(The fourth row is completed)

Wy g = Uy atly 3=l 5= 4-3-0=-3
2,4 T Uy gty gty 5 =-2-2-0=-4

-3+0-0=-3

Uy 4 = Uy 3¥lly 5=ly
(The last row is completed)

Thus the required values of u, ;are tabulated.

| - - e e — o

L ¢ x B] 1 2 3 4
0 0 3 | & |1 o
I T T R E S R 0
1 0 0 . o 0 0|
| 15 0 -2 s 0 *
. 2 | o -3 . -a -3 0 |

2. Solve numerically Uy o = 0.0625 u, , subject to the conditions u (0, t)= 0 =u (5, t)
u(x, 0) =% (x-5) and u(x, 0) =0 bytaking h =1 for 0 st <1

>> The wave equation in the standard form is 2 u., = #,, and hence the given

equation be put in the form ( 1/0.0625 ) Mo = U,

That is, 16u“ = U, where ¢? = 16 or ¢ = 4

Since # =1, wehave k = h/c = 1/4 = 0.25
Stepsizeof x : h=1 where 0 < x <5

Stepsizeof t : k=025 where 0 <t <1 as required.
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valuesof x are 0, 1, 2, 3, 4, 5
values of t are 0, 0.25,0.5, 0.75, 1

We have the following initial table. The values in the first and Jast column are zero since

u(0, t)Y=0=u(51)
ST~ o v o2 3 e 5
o | 0 %070 Mo g fa0 | Mo | Mo %5070
b 025 " wy ;=0 | u "1 Hy 1 Hy 1 |45, 1 =10
b 0% w0 Wy | Mp | Mg | M |M5p =0
fs 0.75 Hy 3 = 0 My o3 ty 3 ; Hy g My 3 (g 3= 0I
4 ! 0,47 q__.___._L_{_?f_?__:__ 2.4 M54 | Maa 540
Now consider u(x, 0} = xz(x—S)
Uy o= u{l, 0)=-4; Uy o = -12 ; Hy o = -18 ; Uy o = -16
(First row in the table is completed)
Next consider u, | = % 1:“:'—1, ot i UJ
T % [uol oty o | = ; (0-12) =-6
iy 4 = % [u]’ oty o | = ; (-4-18) =-11
1 4 1
uy 4= 5 [ul oty o | =5 (-12-16) = -14
14 1
Uy )= S |:u3!0+u5!U =5 (~18+0) =-9

{Second row in the table is completed)

We now consider the explicit formula to find the remaining values in the table.

My el = Hio
H1,2 = Yo, 1
Uy 2 = M1
Hy 2 = ¥y

i
tUy 1740
Tz =¥
Ty 178

i+1, 7 i g1

0-11+4

-6-14+12

-11-9+18

il
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Hy g =My Fly g7l = ~l+0+16 =2
(Third row in the table is completed)

My 3 = Uy gty oy ={(~-8+6 =-2

Hy 3 = Uy iy 5=y =-7-2+1]1 =2

Hy 3 = My oHly 5=ty = -8+2+14 =8

Hy 3 = Hy ptHg 5=y =-240+9 =7
(Fourth row in the table is completed)

y 4 = Uy gty 5=ty 5 =0+247 =9

Hy g Ty gty Uy = 24848 =14

Hy g = Hy 3¥ly g=tiy 5 =2+4742 =11

i =8+0-2 =+¢6

4,4 7 M3 3Tls 37Uy
{Fifth row in Hie table is completed)

Thus the required values of i, jare tabulated.

N 0 | 2 3 : 4 5
00 —4 -12 -18 | -16 0
025 0 -6 -1 -4 -9 0
05 0 i -7 ~8 2 2 0
o ons 0L -2 2 8 ’ °

1 0 9 14 11 6 0

3. Selve 25 TR ﬂ.t‘ the pivetal points given u{0, 1) =0=u(h t);

[20x, 0<x<1

<
' = taking I =
|5(5-x), 1sx<5 by taking I =1

ur(x,{})zo and wix, 0) =
Compute w(x, t) for 0 <t <01
>> Comparing the wave equation ¢? o, = u,, with the given equation

25 Moo=

X Ifrr ’

oy
we have ¢ = 25 or c = 5. Also k=h/c=1/5=02

Since # = 1, thevaluesof x in 0 < x <5 are 0, 1, 2, 3, 4, 5 and the values of
i are 0, 0.2, 04, 0.6, 08, 1
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The initial table showing the values given and the values to be computed is as follows.

z

0 1 2 3
0 t 203
O P e
H . 0.2 CUg 1 = 0 My oy i ty u3.’ 1
M =0y | s My
o D6 =0 s e
s g 5 =0 My 5 M 5 “3,5
s
120 x 0<x<1
Wehave u(x, 0) =4 !
chave u(x, 0) =455 1) 1<x<5
tHy o = (1, 0)y=20; u, ;=u(2,0)=5x3-=
ty o = (3, 0)y=5x2=10; ty o = u(d, 0) =
(First row in the table is completed)
: 1r
Next consider u; | = 5 iL“i---l_. ot ity OJ
i T=Y(os15) =75
My oy o= 5 Hy “+u21 ol= 2( +1h) = 7.5
1 - - 1
Uy 4 = 5| By gt g 25(20+10)215
1. 11 _
Hy =5 ty gttty g :j(15+3) =10
o 1r L1 _
My 1= 5| M3, 0t s, g =-2-(10+0] =5

{Second row in the table is completed)

1'4 -
4 -
u4’ U If:l-)’
Y1 s

T
4,3 U5
!. "
Ha a1l
”4, 5 ' u-’
15 ;

We now consider the explicit formula to find the remaining values in the table.

M ipn =My it U T
111'221{0’1+It2’.]—ul,“:0+]5_20 = -5
My o, =yt gl (= 75+10-15 =25
Hy 5 = Uy 'l+”-1,1_”3,{l:15+5_10 = 10
Hy o = Uy (Titg =ty o= HW+0-5 =35

(Third row tn the table is completed)
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Mo, ottty U

— U =0+25-

75 = -5

,3:u1’2+u3’2—u2!1=—-5+10—15 = =10
u3,3:”2,2+”4,2_”3,1:2‘5+5_10 = -25
4,3=aur312+f4r5!2—u4’1=10+0—5 =5

(Fourth row in the table is completed)

1,4 = U gtHy 3= , =0-10+5 = -5
2,4 = Wy 3tly 37Uy 5 = -5-25-25=-10
3,4=”2,3+”4,3_”3,2:_10+5"10 = —15
4’4=M:,”34-;1:&.)’3—114{2=—2.5+U—5 = -75

(Fifth row in the table is completed)
u.l,5=u0’4+u2’4—111’3=0—10+5 =-5
Uy 5 = Uy gty 4ty 3 ==-5-15+10 =-10

3,5 = Uy gty g=iiy 3= -10-75+25=-~15

4’5=u3’4+u5!4—u4’3=—15+U—5 =-20

(Last row in the table is conipfeted)

Thus the required values of u, ; are tabulated.

. 0 1 J_z_

0 0 20 | 15
02 e | 75 15
04 0 -5 25
06 | 0 -5  -10
08 | 0 -5 | -10_

1 0 -5 |I -10

3 4 5
10 s 0
10 50 |
1 5 0
| -25 5 U
=15 | -75 o
-15 ~20 | 0
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o u 3 u

Solve © - — = —
91> X
u(l, t) = 100sin(nt)intherange 0 <t <1 by taking h = 1/4

4. given that u(x, 0y =0; u(0, t) =0 u(x, 0) = 0 and

>> [It may be noticed that two of the conditions are different compared to the earlier three

problems. The approach for solving this problem continues to be the same]

Comparing the wave equation c? u. = u,, withthegiven equation u _ = u,, we
2

have ¢“=1orc =1

By data h = 1/4, k=h/c =1/4
The points of division of x(in 0 € x < 1) aswellas f are 0, 14, 1/2, 3/4, 1.

The condition # (x, 0) = 0 means that the value of u along the first row are zero
and u (0, t) = 0 means that the value of u along the first column are zero. The
initial table showing the values given and the values to be computed is as follows.

\V o lomo o mow [w
S T V7 V- T . SRR
0 gm0 Ty =0 g =0 gm0 | =0
DT =0y | et
D Rt D P PR S
by 874 | up 3= 0 ", 3 “3,3 l i3 | Ma3

O R N Sl B L e Maa | Maa

We have seen that the condition (X, 0) = 0 will lead us to the formula

1 .
U157 l:u:'-l, otHii, 00

2 i
y 3 = —; :u0’0+u2!0} = % (0+0)=0
Hy 5 = % :u1’0+u3!0] = % (0+0) =0
Uy 4 = % :u2’0+u4,0] = ;— (0+0)=0
My g = % {HS, ot Hs 0] and we do nothave u; , on hand.

Hence u, , = #(Xxy ) = u(1, 1/4) = 100sin (n/4) = 70.7

(Second row of the table is completed)
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We shall now consider the explicit formula to find the remaining values in the table.

= . P — .
i I!'I_]’j 2] i

i+1, f Lol
=0

i+l

i = U

1,2 2,1 M0

Hy o = Wy (+H H =1

3,1 Y20

M =K + U = 70.7

2, 1THy, 1713

= Uy gtug iy o is inapplicable.

51
Hence Uy 5 =ulxy, b)) =11, 1/2) = 100sin (7/2) = 100
(Third row of the table is completed)

. = U + U -1t

0,2

2,2

1.1

+ U

2,37 MWy oty 5y =

Uy 4 = My oty 5=ty =100

P

My 3= u{xy, L) = u(l, 3/4) = 100sin (3n/4) = 70.7
(Fourth row of the table is completed)

L4 = Hy 3+ Hy 3 Hy o = 0.7

=
|

2,4 = Hy 3+u3’ 3Ty 5 F 100

3,4 = My gty 3=y 5 =707
Hy ¢ = 0 (Xy t) = 1(1, 1) = 100sin(m) =0
(Last row of the table is completed)

Thus the required values of u; ; are tabulated

| PR 0 1 2 | 34 J 1

S o, 0 0 . 77

B T % 2 T

a0 0w e ey |
1 | i707 o 100 707 | 0
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H{x, 0)=x(5~x), -_?r uix,0)y=10,
(

Finduatt = 2 given I

>> Herec¢

2

=4 orc

(IR

)
) do
5. Solve the wave equation 4 -

2

B azli
ar

given {0, t

.

2 and k = i/c

We have the explicit formula for the solution of the wave equation given by

t

i+l

=M

Also the condition 9

Since

Since

Wi, t)y=0 >

(The values along the first and last colwmn are zero)
We have the following initial tabie.

Y

Nx

f ™.
. .
fo 0 u
fl QU'5 U
;tz 1 u
b 13 u
-t 2 Nl

ot
1

2

X

-1,

+ .

r+1,

#(x, 0) =0 will give the formula from (1) in the form,

0o
o
00=0

0,370
0,47 0:

[”f-i,o*”ml,oJ
It = 1, valuesof xare0, 1, 2,3, 4,5
k =05 valuesof tare, 05,1, 1.5, 2
u(,t)=0 =

w(x,0)=x(5-x)
u{l, 0Yy= iy
{ The first rivo in the table is completed )

Hy, o =0 =y 4 =y 5 =1y
s o= 0=y =ty 5 =g g
Xy Yy Xy
L
40 2,0 . M3
I:!L I .u; i r Hy 4 _
“1 2 "2, 2 _ S -
My iy 3. u3-, 2
iy 4. - iy 4 | Hq 4
ap =4, Also My p =6, 0y g=6, U

(D)
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Next we have from (2),

Wy = % :u0’0+u2’0J = % (0+6) =13
Hy 4= ; j“1*0+”3'0} = % (4+6) =5
Hy =%iu2’0+1;4’0} :%(6+4) =5
Hy = ;— :u310+115’0} =% (6+0)=3

( The second row in the table is completed )

Next we have from (1) the following.

Hy o = My (FHy Uy o= 0+5-4=1
Uy 5= Uy q+ly (—U; = 3+45-6=2
Uy g = My gty g ly o= 5+3-6=2
My o = My U =l = 5+0-4 =1
( The third row in the table is completed )
My, 3 = Uy p%ly o= = 04+42-3=-1
y 3= Uy Uy H=iy 4= 1+42-5=-2
Uy 3 = Uy oty o=ty g = 2+1-5=-2
My 3= Uy ptHg 5=l g = 240-3=-1
( The fourth row in the table is completed )
Wy g =My 3tUy 3=H 5= 0-2-1=-3
Hy g = Uy gtUy g—Hy 5 = -1-2-2-=-5
Uy g = My ¥y 3—Us 5= -2-1-2=-5
Hy g = Hy 3¥Mg 3=l o= -2+0-1=-3
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. ¥ . ,
6. Solve the wave eguation g subject to the boundary conditions,
ot o
w(0,1)=0=u(l, t), t 20 and the initial conditions, u (x, 0) = sinnx ,
d ,
51; (x,0)=0,0<x < 1bytakingh = 1/4andk = 1/5. Carryout second level

solutions in the time scale.

>> Here h = 1/4 and hence the values of x are 0 , 174,172, 374, 1

Also k = 1/5 and we have ¢ = 1

Note : Refer article 7.41 and retrace the sieps of obtaining the following equation on
substituting the finite difference approximation for the two partial derivatives in the wave
equation.

_ 242 2,2 N
”;‘,;‘+1‘2(1—L AS) e A (1:5_1’}.+ui+1f;.) Ui i A1)

where A = k/h

It should be noted that if k = h/c the first term vanish and in the given problem
k #h/c

Further the condition3—11:r (x,0) =0 gives U=

Hence by putting j = 0 in (1) we have,

_ 242 242
M, = 2(1-c"25) i, o+ A (”iul,0+ui+1,0)"“f,—1

But i = and 432 = Prn? = 16,25

i, -1
18 16
2u; = o W gt o [""1‘—1,0*”:4'1, 0]
-1y 8 l 2
or ”i,l'ﬁ 9”i,0+ (:fl._1’0+u:.+1’0)]\ (2

Let us consider the given conditions.

u(0,t)y=0 = u =...=0

0,0 Mo, 1 T Hy, 27 Hy 3
The valuesof x in0 < x < 1with stepsizeh = 1/4 are

x, =0, x, =1/4, x, =1/2, Xy = 3/4 and X, =1

H(l,f)=0:>1{402u4 :1442=...:0

Alsowehaveu (x, 0) = sinmx

u(x,, 0) = Hy o= u(1l/4,0) =sin (n/4) = 0.7071
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wil/2,0)=sin {n:2)=1

H{Xx,, 0y = g
1{{.1;3, 0y = Hy = {374, 0) = sin {3n/4) = 07071
u{r4, 0y = Hy 9= Hil, 0)y=snn=1

Next we shall consider (2) and compute My g My o, Mgy which represents the

first level solution in the time scale.

1. :
Ny 1 = 3 i9ul’ rl+8(“0,0+”2,0);
1 - S
= 5 9(07071)+B(0+1) = 0.574556
1 _ ,
Hy 1 = aE '9”2,(J+8("‘1,0"”3,0]i
= 51,-;- 9(1)+8{07071 +0.7071) = (1.812544
]. : P
Hy 1 T 3E :59u3f ot 8y yruy o)

1
=52 9(07071)+8(1+0) = 0.574556

Also from (1) whenj = 1 we have

_ 18 16
”i, 2= 95 uf.’ ,1+:2“) 5.\ " . 1+ I.‘f.1_1’ 1 __.| - ”r’, 0
i o _ 2 +8 :
Le., ”:’,2—_2§ i1 (. 1, ]+“:'+1,1}i'-”i,u

We shall compute 11, ., 15 5, iy 5

2 .
Ny, = 55 9 (0574556 1+ 85 ( 0+ 0812544 ) - 07071 = 0.226608
2 - S I .
y 2 = 5% 9 (0812544 3y + 8 { 0.574556 + (13745356 ) —1 = 0.32046
2

Uy 5 =55 90574550 )+ 8 (0812544 +0) -0.7071 = 0.226608
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The solution upto second level correct to four decimal places are tabulated.

e ; B
\\\ X o Xy Xy Xy : Xy Xy
\\\ | S S FE R e — _;_ e
t . § 0 1/4 12 1 3/4 1
b0 0 0.7071 1 0.7071 0
S g O A S
b 1/5 | 0 0.5746 0.8125 |  0.5746 0 |
t, 2/5 | 0 0.2266 - 03205 | 0.2266 0
. | O S o
2y

i i ) o
7. Solve -, = —5 with the boundary conditions 1 (0, t)

o ot

and initial conditions u(x, Q) = sinmnx, ?;: (x,0)

h=k=02att=10
>> Wernotethatc® = lore = 1 and k = h/c
We have the explicit formula

= U + i

Mot T Mion 4

iv1, 7 Yi i1
du T
Further 5 (x,0) =0 willgiveus

1
i, 179 [”:‘*1, ot Hisn, n]

=

=0=u{l,t), t=z

=0, 0<x <] taking

(D)

@)

The points of x and t in stepsize of 02 are(, 0.2, 0.4, 0.6, 0.8and 1

(0, t)y=0andu (1, t) =0 will giveus

wy o= 0=ty (=uy 5=ty 5=ty 4 = Uy

g g=0=ug | =5 5 =lig 5=l 4 = Uy
Also we have 1t (x, 0) = sinnx by data.

¥y =0, %, =02=1/5,x,=04=2/75,

Xy = 0.6 = 3/5, x, = 0.8 = 4/5andx5 =1

-
—

sin(n/5) = 05878 ; u

1,0 2,0

sin(3n/5) = 09511 ; u

il

3 o 4,0

Next we have from (2},

= sin{2n/5) = 09511

= sin{4n/5) = 0.5878
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iy 4= % [”0, oty O_ = (.4756
1 -
y =75 [ull o3, o | = 0.7695
1 1 _
Hy 1 =5 [”2, gtHy o| = 07695
1 _
Uy 1 =3 [uBI otHs o | = 04756
Also we have from (1)
Mo T Hior 1T, 17
By taking i = 1, 2, 3, 4 we obtain
Uy o = 0 +0.7695 - 0.5878 = (.1817
Hy 5 = 0.4756 + 0.7695 - 0.9511 = 0.294
Uy 5 = 0.7695 + 0.4756 - 09511 = 0.294
Uy o = 0.7695+ 0 - (0.5878 = 0.1817
Again from (1)

i a S Hiq, ot My 27 W

Taking i = 1, 2, 3, 4 we have

iy 3= 0+0.294-04756 = - (0.1816
Hy 5= 0.1817+0.294-07695 = —0.2938
ty 3 = 0.294+0.1817-07695 = —0.2938
iy 3= 0.294+0-04756 = - 0.1816
Again from (1) |
Mg T Hioq, 3T My 3T
We have as before
uy 4 =0-02938-0.1817 = —0.4755
iy 4= —01816-0.2938 -0.294 = -0.7694
u;’ 4 = —0.2938-0.1816 - 0294 = - 0.7694
u = -0.2938+0-0.1817 = - 0.4755
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Again from (1)

Bios T M, gy 4T Y

We have as before

Hy 5 = 0-07694 +0.1816 = - 0.5878
Uy 5 =-—04755-07694+0.2938 = - 0.9511
Hy 5 = —0.7694 - 04755+ 0.2938 = - 0.9511
Uy 5 =-07694+0+0.1816 = —{).5878

Thus the solution at t = 1.0 are
—0.5878, -~09511, —-009511 . —0.5878

Numerical solution of the one dimensional heat equation

We seek the numerical solution of the heat equation
_ .2
Uy =ctu (D)

subject to the boundary conditions

u(0,t)=20 . {2)

u(l, t)=0 ... (3)
and the initial condition

u(x, 0) = f(x) .o {4)

We shall substitute the finite difference approximation for the partial derivatives
present in (1). [ F, and F, be used |

P [”i, 1Y j] =c h2 L“f—l, ;'_2 Uy _;‘+“:'+1, J
or M1 ¥ T 2 M-
Taking kc®/k® = a , the above equation becomes

W ip1 = ul.’}.+aui_1’ j—Zn ”i,j+a”;'+

or L :au:‘—l,;"'(l_za)”f,;’+a”i+1,_;' ... (5)

1, ;

This is called Schmidt explicit formula valid for 0 < a2 < 1/2
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For convenience letusset 1-2a = 0 ora = 1/2

2 2
That is k—g=l or kzh—z
w2 2¢° .
Thus (5} now becomes
1
Moje1 T3 [ui—'l,j+”i+’t,jJ - (6)

This is called Bendre - Schmidt formula and we use this formula atong with the given
conditions to compute the values of u at the interior mesh points.

Note : The working procedure for problems is same as in the case of the wave equation.
Given h only we find k = W22 We prepare the initial table showing the values given
and the values to be computed. After finding the values from the initial condition, we use the

1 . ,
formula W17 g [ iy, it Y, }.J to compute the rest of the required values in the

fabie.
WORKED PROBLEMS

du

at

when u(0,t)=0=wu(4, t)and u(x, 0) = x{(4~-x) bytaking h = 1.
Find the values upto t = 5.

. . o , P
8. Find the numerical solution of the parabolic equation 22 =
x

>> The standard form of the one dimensional heat equation is u, = 2 Mo, and the

t

given equation can be put in the form u, = (L/2)u

. ?=1/2. Since h =1,k = /2% = 1

The values of x in 0 € x <4 with h =1 are 0, 1, 2, 3, 4 and the values of ¢
with k=1 are 0, i, 2, 3, 4, 5.

We have the following initial table wherein the values in the first and last column are
zerosince u (0, 1)y =0, u(4,t)=20

S 01 |2 3 L

o | O H0=0 Mo | My "0 | “40=0 |
__t_l__ 1 Ho 1 =0 H1q Hy U3 1 y 1 =0 |
b 2 ty o =0 Wy, ¥ H3, 2 ty =0
. 0,2~ SR S R e
B[ % =0 s s | M5 | 45=0
| fy 4 ty, 4 =0 a0 Mag Uz 4 ty 4 =0 :
s |5 | ms=0 M s “35 | “45=0
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Consider the initial condition # (v, 0) = x{4-x)

”1,02”(1’0):3 ; 1:2’0=4 ; ”3,0:3
(First row in the table is completed)

Now we consider the relation

1
Ui i =§[“f—1,j+“s+1,j] ()

I icul -1
n particutar, U g = 2[ Lot OW

1
1{1!.125[1{0’0 =§{O+4)=2
1 1
uzf.l=§[u1’0 =§(3+3)=3
_ 1
Uy 2[u2,0 4UJ (4+[)}—2
{Second row in the table is completed)
. 1
Again from (1), u:’,2:§[”i—1,1+”5+1.1J
1 - 1
i 5 2[u0’1+u2’1j~2(0+3)=1.5
1 -1
”2,22"2‘[“1,1+“3,1J:§(2+2} =2
__l "'._l 3 =15
u3’2—2[u2’1+u4’1J—2(n+0)—1.\_.
(Third row in the table is completed)
Also from (1), u, , = 2[1; :‘+'|,2;|
1+ 1
My 3 =75 u0,2+u2’2]=5(0+2) =1
1r 1 1
ty 3= 73 u.]’z+u3!2l=5(1.5+l.5)=].5
1 1
Hy 3= 5 u2’2+u4’2|=§(2+0) =1

(Fourth row in the table is completed)
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1 -

Also from (1), U,y = 5 [ul._]’ LY 3J
1y 1-Yo+15) =07
u1’4—2 u0’3+u2’3 —2(+.)—.
1 4 1
My 4 = 5 Hy gty =§(1+1) =1
1T T=2(15+0) = 075
u3’4m2 1;2’3+u4’3_—2(.h+)-.k
(Fifth row in the table is completed)
1
Also from (1), Hi5 = 5 [u!._l( gt Ui 4}
1 - - 1
”1,5_5 1{0’4+u214 :E(U+l) = 0.5
1~ 4 1
Hy g = 5 My 4+1f3f i =5 (0.75+0.75) = 0.75
1 - 4 1
Uz 5 =75 Uy g T Uy g4 =E(l+0) =05
(Last row i the table is completed)
Thus the required values of u, j are tabulated.

o 0 s e 0o
L 0 2 3 2. 0
R U v B 1.5 S0

I 0 S SRR b 1 0
4| 0 e 1 0.75 0
5 | 0 0.5 0.75 0.5 0

9. Solve: u, = u, . subject to the conditions u(0,t)=0 , u(1, £)=0,
H(x, 0) =sin(mx) for 0 <t <01 by taking h = 02. Write down the
following values from the table

(@) u(02, 0.04y () w (04, 0.08) () u(0s6, 0.06)
>> Comparing the standard form of the heat equation

2 _ . ) ‘ B -
= U with the given equation M = U, we have ¢ = 1

Since h =02 k= h/2 = 0042 = 0.02
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The valuesof x in 0 € x <1 with # =02 are 0, 0.2, 0.4, 0.6, 0.8 and 1.
Also the values of ¢ in the given range 0 <t < 0.1 are 0, 0.02, 0.04, 0.06, 0.08
and 0.1

We have the following initial table, where in the values in the first and last column are
zerosince u (0, t)=0and u(l, t)=10

— - - e ——— -

N oo R T T

o (U [ i RO e
[ o :

o 0 0.2 !_ 04 06 08 1 ;
b 0 “0,0“0___”1,0 | “,0 1 M0 “g,0 :”5,U—OI
tl__Ea-Z“ y 4 = 0 Uy | ty Uy g Uy | iy | = 0
. o . ;E_—;L ) . _ u; 2_ ) . ;___ .

F 006 [y o0 |ty s s | s

‘ _t; _{E;_I;O, =0 1y ) _“24 {_ s, 4 __T —”4_,_ 4 | ¥45,47
fs | Oy 5=0 g M5 | M35 M5 U5 5=0

Consider u(x, 0) = sin( 7 x)

Uy g = (02, 0) =sin(w/5) = 0.59
Uy o = 1 (04, ) =sin(2n/5) = 095
u‘3” Q= u (0.6, 0) =sin(3n/5) = 0.95
Hy g = #(08, 0)=sin(4n/5) = 0.59
(First row in the table is completed)
Now we consider the relation
1
”f,;‘+1zﬁ{”f—l,f“”n],;} -
Hence u; = ; [“5—1, o ¥, 0.]
1r - 1
Uy = u0’0+1t2’0 =§(0+0.95) = (475
1 - : 1
ty | =5 [ gFiy o | =5 (0594095) = 077
1 - - 1
Hy 1 =7 y oty g =§(0.95+0.59)=U.77
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1 .

Y155

(Second row in the table is completed)

Again from (1), Up o =

H.]’ 9 =

Uy o =

(Third row in the table is completed)

Again from (1), H; 4=

L5} =

(Fourth row in the table is conpleted)

Again from (1), u, , =

=
|

L1
[u3 05 o | =5 (095+0) = 0475

% [”:‘—1, L) 1j
;[”0,1*“2,1}:%(0+0-77) = (.385

% ’ y, g i g | = ;_ (0475+0.77 ) = 0.6225
% i—_uz( g Ty l: = % (0.77 +0.475) = 06225
%[”3, 1745, 1| = % (0.77+0) = 0.385

; E”f—l, 2 * Uiy, 2}

% :HU 2ty 2J = % (0+0.6225) = 0.3113
% :“1, o T3, 2} = % (0.385 + 0.6225) = 0.504
; ,_ iy 5 Uy 2] = % (0.6225 +0.385) = 0.504
é iy o Ty 2} = % (0.6225+0) = 0.3113
% [”:‘—'1, 3T Hig, 3J

%_ [“u, gty 3} = % (0+0504) = (.252
% [“1_ 3+, 3} = ; (0.3113+0.504) = 0.408
% E“z, gy qj = % (0.504 +0.3113 ) = 0.408
%[”a,s*us,g}:%(ﬂ-%ho) = 0.252

(Fifth row in the table is compieted)
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Again from (1), u; ¢ = ; [ui—l, gt i, 4]
H g = ; [ug g1y 4} = % (0+0408) = 0204
1 - 1
Uy 5 =3 [uL sty 7 ) (0.252 +0408) = 0.33
1 - 1
iy 5 =5 [ul sty 4| = o (0408+0252) = 0.33
1, - 1
144’5=§[u3,4+u5,4‘=5(0.4{}8+0) = 0.204
(Last row in the table is completed)
Thus the required values of #, j are tabulated.

To o om oss o oess om0 |
o2 o | ows om0 a0
o0t | 0 . 0385 06225 06225 C03ss |0
ov | 0, oms  osu | o o oams 0

o0 | oas oas | oas 022 o

Coo1r fo0 o204 033 033 0 0208 ] 0 |
Also from the table we have the following values as required.
(@) u(0.2, 0.04) = 0.385 () (0.4, 0.08) = 0.408 (c) u (0.6, 0.06) = 0.504

10. Solve @ u 32u, subject to the conditions (0, ty =0, u(l, t) ="t and

u(x, 0) =0 Find the values of u upto t =5 by Schmidt's process taking
h = 1/4. Also extract the following values :

@) u(075 4) () u(05 5) (o) u(025 4)
>> Comparing the standard form of the heat equation ¢ e, = W, with the given
equation u = 32u, we have & = 1/32

Since h = 1/4, k = W2 = 1. The valuesof ¥ in 0 £ x <1 with h = 1/4 are
0, 0.25, 0.5, 0.75, 1 and the values of t with k=1are 0, 1,2 3, 4,5

We have the following initial table wherein the values in the first coloumn and first
row are zero by the given initial conditions u (0, ¢ y=0and u(x,0)=0
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_— e . .
, L% X4 % X3 X4
o _ 0____ 1/4 1.2 3/4 1 y
tg 0 1:010:0 i uLO—O uzlo=0 u3!0=0 1.'4,0-0 :
_ | R M 3, 0 _
hop by, =0 1,1 M, 3,1 “g, 1
b | 2 | Hy,=0 |2 Hy o U3, o 42
B3 =0 M g "3, 3 “4,3 |
fg 4 ] uy =0 { “La Lty a4 Mag4
5 __5 L "0,5=0 1 M J Pas 1 M35 | Hys
Now we consider the relation

1
a1 77 [ui—l, ;‘+“i+1,;}

H _1
ence U, 4 =5 [”5—1, 0t %, n]

1 =

[”0,0*”2, 0] =0 u

‘:-i
—
— N =

1
E[u]’0+u3f0J=0
1
2

U3 q =§[”2,0+”4,01=0 PUy T

wh

[ Uy o Ug o }becomes in applicable.
u(4, 1y=u(x,, t])z to=1,

(Second row in the table is completed)
1

Again from (1) U 5 =5 [”i—l 1t 1}
1 1
Y,2 = §{”0,1+“2,1J=0 : “2,2=§[”1,1+”3,1J:0
1

Hy 2 =3 [“2, 1Ty, IJ =055 uy 5 =ulxy b)) =1,=2
(Third row in the table is completed)

1
Againfrom(1) u; , = 5 [1:5_1’ st U,y 2}
1

1
“1,37 2 [“o, 2”‘2,2} =05 u, 4= i[”1:2+u3,2J = 0.25

1
Uy 3 =§[“2,2+”4,2J=1 PUy 3 = ulXy b)) = 1y

(Fourth row in the table is completed)

il
w
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. 1
Again from (1) u, , = 5 [”i—l U 3}
1 _ _ 1
Hy 4 = 5 [”0,3"'“2,3] = 0.125 ; Hy 4 = £[1£1I3+u3f3}= 0.5
1 _ . _ -
%3, 4 2[“2,3*”4,3]']‘625'“4,42”(x4’t4)‘f4 =4

(Fifth row in the table is completed)

1
Lastly from (1) u; 5 = 5 [”f—l, at Ui 4]

1 1
5=y [u0f4+u2r d: 025 ;up 5 =3 [u114+u3’4] = 0.875
_1 T =295 . = =4t =5
“3,5‘2[”2,44'”4,““ 2 ,u415—u(x4,t5)_t5_

(Last row in the table is completed)

Thus the required values of u, ; are tabulated.

R Mg AR o

’ *c ! 0 (.25 | 0.5 '_ 0.75 | 1

T T ) 40__ o

L T S R R R R S

R T T A - S - 2
R I Y £ - 13

T4 T 0 D omws | oes e | 4
5 0 0.25 0.875 2.25 5

Also we have from the table :
{a) (075, 4) =1.625 (b} u(05 5) = 0.875
() u(0.25, 4) = 0.125

11. Solve the equation —82 y _E) . 0<x<1ati=10002 given that
R oo * - = . ] = .

L L axs ot g

h =01, k = 0.001 and the conditions 1 (0, £) =0, 1u( 1, £y = Q,

ey 0<x<1/2
u(x, 0) = f(x) where fix) = |2(1-1), 12 €x <1
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2 2

>> Comparing ¢"u, = u, with the given equation u . =u,, wehave ¢ = 1.

t ’,
[t should be noted that k is specifically given to be 0.001 and we cannot use Bendre -
Schimidt formula which is a deduction from the Schmidt formula choosing k c*/h® = 172,
Here k /i = 0.1]

We have to use the Schmidt explicit formula in the form

Uy juq = auf_]!}.+(l—2a)ui’ prau, j (1)

where 4 = kc2/h® which is equalto 0.1. Hence (1) becomes

i 4q = 0.1 L f.+0‘8 u; ,r'+0‘1 it o {2)
Thevaluesof x in 0 < x £ 1 with 4 = 0.1 are 0, 0.1, 0.2, --- 1.0 and the values
of t are 0, 0.001, 0.002 since k = 0.001. We have the following initial table
wherein the values in the first and last column are Zerg since
u{0,t) =0 u(l, t)y=20

S T T Jr A W | Yo
- . t S e { JRU— R

—

06 ! 07 | 08

! SO0 ol o2 03 04 05 09 i 1.0
i o e PRV __:. e} . Y
: ! ! : | :
I ; — : : ' | : -0l
| by O ;“u,o—oi M0t ho My Mo My gty g Uy o lHg Hio,0=0
mm = A L. P - |- - F— R e R S Ce—
' 1 1 : : I | ' ' T
tl 0.0 u[}‘ . =0 HL I ”2,1 ; ”3,1 1;4, 1 s ”6, 1 u.?.) 1 1;8’ 1] u9, I ”m, | =[):
| R . ! .. . : P P e {_ [ :
l | i _n! : : ) , | B
| B 00020 =0y, g,y gy M7z Mgy My o iy =0
2 ¥, D<x<12
Let us consider u (x, 0)= J -
(x. 0 i2(_1—x), 172 < x <1

= u(xl, 0y=u(01,0)=2x01=102

1,0

Hy o = (02, 0) =2x02=041 ; Hy g = 2 x 03 = 0.6
Hy p = 2x 04 =108 Do, =2 x05 =1 ;
e = 2(1-06) =108 Py = 2(1-07) =06 ;
Hg o = 2(1-08) =04 My o= 2(1-09) =02

Now from (2), we have when j=10

Hy g = 0.1 My 1‘1+0'8 ; {)+O'] M1 g

Hy = 0.1 fHy o+ 08 . g+ 01 Hy g = 0.2

Hy | = .1 Hy gt 0.8 iy “+0.'1 Hy o = 0.4
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Uy = 01 U, 0+0‘8u3 0+0.] Uy o = 0.6
y | = 0.1 Uy U+0.8 Hy 0+(J.1 g o = 0.8
He | = 0.1 i, 0+U.8 e U+U‘1 Ug o = 0.96
e 4 = 0.1 g 0+O.8 He, 0+0.1 U, o = 0.8

Similarly we can obtain Hy | = 0.6 ; g = 04 :u =02

Again from (2} we have when j =1,
Ui 5 = 01w, _ 11t 0.8 oyt 01w, 4

.1
Hy o = 0.1 Hy,  +08 Hy +0.1 Uy | = 0.2
y 5 = 0.1 My , 108 oy  t01 Uy 1 = 0.4
Hy o = 0.1 Uy ;108 Hy ;+0.1 My 4 = 0.6
Hy o = 0.1 ty  +08u, , 01 g 4 = 0.79%
g o = 0.1 ty ,T08 s 101 e 1 = 0.928

Similarly we can obtain g 5 = 0.796 ; Hy 5 = 0.6 ; Hg o = 04 ; Hy 5 = 0.2

Thus the required values of #, ; are tabulated

vl o o102 03 o4, 05 06 0708 09l 1

i e 4 e g
i T+
I

0,02 04 06 08,1 08 06 04 02 O
0001 0 |02 04 06 08|09 08 06 04 02 0
: L0 0

! | : i - i -
0.002 | 02 04 06 079 0928 0796 06 04 [ 02
, . oy “u , -
12. Solve numerically  the cquation 0 é-—z-- subject to the conditions
X

(0, Ey=0=u(l,t), t20amdu(x,0)=sinmx, <x<l
Carryout computations for tio levels taking it = 1/3and k = 1/36

>> We have Schmidt explicit formula,

t =y

:

ST j.+{1—20t)u;.!j+uul.+l i D
where o = kco/h%, Wehave ¢ =1, h=1/3, k=1/36 - o=1/4

Hence (1} becomes

H’.;_I-‘*"! = 4 III-_.IJI-'F'E“ ”L I+:5j; ”f'f’],_!-
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: 1 :
ie., u:‘,j+1:4[1‘5—1,_j+2“i,j+ui+l,jJ ..(2)

Sinceh = 1/3,thevaluesof xin(0 < x < 1 are x, =0 x, =13 Xy = 273 & Xy = 1.

u(0,t)=0 = My o =

u{(l, t)y=0 = Hy o=

Also, wu(x, 0) = sinnix and hence we have

u(x,, 0)= My o= sin{n/3) = 0.866
u(xy, 0) = Hy o = sin (2n/3) = 0.866

We shall compute u, Cy My (first level) and Hy 5, Uy o {second level) by using (2).

Thus we have,

1 - -
ul,lzi u0’0+2u1’0+u2’0 = 0.6495
"2,1:Z u1,0+2u21(]+u3,0 = (.6495

1y 2 1= 0.487125
u1’2—4 ”0,1+ ”1,1+”2,1 = 048

-1y 2 1 = 0.487125
uy . n My g+ 20y gty | =0

Numerical solution of the Laplace’s equation in two dimensions

Laplace’s equation in two dimensions is

+ 20 =0 L)

We consider a rectangular region R for which u (x, v) is known at the boundary.
Let us suppose that the region is such that it can be divided into a network of square
mesh of side h.
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M }’

h )f
h -

We shall substitute the finite difference approximation for the partial derivatives
presentin (1} [F, and Fy are to be used).

Hence we have

1 1
; [ui—l,j_zui,j"'”nl,_;} + h_2 [”z’,j—l_zuf,j"‘”i,jﬂJ =0
That is, ui—l,j + ”i+1,j + ”:‘,j—l + ”f,j+1 = 4”;‘,;‘
_1 2
or “i,;‘_4[”:‘—1,j+”i+1,j+ui,j+1+ui,j—1} e (2)

This is called the standard five point formula. It may be observed that the value of
M atany interior mesh point is the average of its values at four neighbouring points

¢

to the left, right , above & below as exhibited in the following figure.

Ui i+l

H. .
i=1.j . (il

Note : 1. Since the Laplace equation remains invariant when the co-ordinates are rotated
through an angle of 45° we can also have the formula in the form

1 -

w =g [”5—1, je1 Ty o1 TR, el T, j—lJ - (3)
1t may be observed that the value of u. ; is the average of its values at the four neighbouring
diagonal mesh points. Accordingly (3) is called diagonal five point formula.

[ Figure in the following page |
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M.y -
ul-_l,\’_,-_” i+], j+1

H)

Hiq, j-1 Hivl j-1
2, The accuracy of the values of u, . can be improved by successive application of the formula
{0
e
Then the first iteration is carried out by using the latest iterative value available on hand where
we have,

(2). We regard the obtained values of u, ; a8 the initial approximation denoted by u

i f 4 -1, i+, | L+l i j-1

The procedure will be repeated till we get the values to the desired degree of accuracy.
This process is called Liebmann’s iteration process

u(l'):_{”(_(}) +d D) (00 }

Working procedure for problems
Type - 1: Odd number of squares are being formed.

( Generally 9 squares in a practical problem )
n ¥

0.3

My 2

It 0. |

., .
0.0 M o M0 U3

We need to compute ) | ; 1, | ; y 50 Uy

After establishing the standard five point formula we have said that the value of
u, . atany interior mesh point is the average of its values at four neighbouring points

i ]
to the left, right, above and below.
_1
1T g [“O, 1Ty gty Uy 0}
-1 d imil I
Uy 1 = 1 [“1, 1+“3, 1+u2’ 5t Uy UJ and twosimilarresults.
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We substitute the given values to obtain a system of equations in the unknowns and
solve to get the desired values.

Type - 2 : Even number of squares are being formed

( Generatly 16 squares in a practical problem )
ty
Uy 4 Mg M34 May

1y 4
My 31tz |M3,3 (Has
"y 3 C D

My o | 23,2 |1y

b2

1y 5
NN RS ST P
Mg y B
N
Hi >

0.0 My Mg U0 My

Wenote that u, , isexactly atthe centre of the region and we first compute this value
by the standard five point formula.

= - 1
y oy = g ( o o+ ly oy gy 0|

Next we note that the entire square region R isthe union of foursquare blocks and
we focus on these square blocks. The mesh points A (1, {1} ; B{u;, 1}; Cluy 3)

and D(u, ,) areat the centre of these four blocks. Hence we compute these values
by the diagénal five point formula which says that the value of u; . is the average of

its values at the four neighbouring diagonal mesh points.

1
.17 4 {”o, gty iy o Ty n]

H

1

=T
Hy g T g4 i_“2’0+”

+lty 4+ } and twosimilarresults.

12 s, 0
Lastly weneed tocompute #y 5 ; ify 17 My 37 U3 5

These can be found by the standard five point formula.

—
=
[
|
W |

1, HU, 2+ uz, 2+ ”1, 3+' I.lr'lr 1j|

"

e —
T

Hy | = My g + ty Ty o + ty OJ and two similarresults.
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Liebmann’s iterative process can be carried out for better accuracy in the values
obtained.

Note : Weuse the abbreviation S.F for the standard five point formula and D.F for the diagonal
five point formula

WORKED PROBLEMS

13. Solve Laplace’s equation u__+u = 0 forthe following square mesh with boundary

¥y
values as shown in the following figure.

o111 17 19.7 186

H] “2 H3

0 21.9
0 Uy tyg A 21

u u ]
0 7 3 9 17

0787 121 128 9

>> ug is located at the centre of the region.

Ug = i (0+21+17+12.1) = 12525 by SF

Next we shall compute u,, u,, u;, u; by applying D.F

U, = % (0+12.525 +.0 +12.1) = 6.15625
My = % (121+21+12525+9) = 13.65625
Uy = i (0+17 +0+12.525) = 7.38125
ty = i (12525+186+17+21) = 17.28125

Finally we shall compute wu,, u,, ue and ug by S.F.

(7.38125+17.28125+ 17 + 12525} = 13.546875

(0+12.525+7.38125+6,15625) = 6.515625

s [
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1
1 (12,525 + 21 + 17.28125 + 13.65625 ) = 16.115625

1(6

u % (6.15625 + 13.65625 + 12.525 +12.1 ) = 11.109375

1l

8

Thus the required valuesof u (x, y) attheinteriormeshpointscorrecttohwodecimal
places are as follows.

oy = 7.38 U, = 13.55 N

17.28 u 4

652 u; = 12.53

RS 16.12 u, = 6.16 ug = 1111 u, = 13.66

14. Solve VP u = O in the square region bounded by the co ordinate axes and the lines
x = 4, y = 4 with the boundary conditions given by the analytical expressions,

(i) u(0,y)y=20 for 0<y<s4
(i) u(4, y)=12+y  for 0<y<4
(i)  wu(x 0) = 3x for 0<x<4
(v)  u(x 4) =+ for 0<x<4

Also employ Liebmann's iteration process to compute the second iterative values of u (x, y)
correct to two decimal places.

2 2
>> We have v2y = 0 represented b @_u + M = { in two dimensions.
P Yol oy

We shall divide the square region into 16 squares of side one unit.
We shall derive the values of # (x, y) on the boundary from the given expressions.
(i) u(0,y)=90= u(0,1)=0=u(0, 2)=u(0,3)=u(0 4)
{ii) u(4, y)=12+y = 1w(4,0)y=12;u(4 1)=13;
u(d, 2)=14;u(4,3)=15;u(4 4) =16
(iii) u(x,O)=3x:>u(0,0)zO;u(l,G)zf%;
(2, 0)=6;u(30)=9;u(40)=12
(v) u(x 4)=x = u(0,4y=0;u(L 4)=1;
1{(2,4)=4;u(3,4)=9;u(4,4)=16.

We shall represent these values on the square region and let u,, U, - g be the

interior mesh points of the region.
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16
0 HI ”2 .H3 5
0 Uy s i 14
0 H? ”8 h‘g 13

0 36 9 12
Uy is located at the centre of the region.

U = i (0+14+4+6) = 6 by applying S.F

Next we apply D.F to compute Uy Ug, Uy, Uy

u7=—‘1-(0+6+0+6)=3 ; 1;9=i(6+14+6+12):9.5
1
i =1{0+4+0+6}=2.5 ;U= (6+16+4+14) =10
14 34
Now we shall compute u,, u,, ug g by SF
uzzi(2.5+10+4+6) = 5.625
u4=i(0+6+2.5+3) = 2.875
u6=%(6+14+10+9.5} = 9.875
1
u8=1(3+9.5+6+6) = 6.125

These values are regarded as the initial approximations to commence the Liebmann’s
iterative process for greater accuracy. We compute . (i =1 to 9) intheserial order

by using the latest iterative value on hand by applying the standard five point formula
only.

First iferation

iy, = % (0+5625+1+2875) = 2375
1, = i— (2375+10+4+6) = 559375
u, = % (5.59375+15+9+9.875) = 9.8671875
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1x4=%(0+6+2.375+3) = 2.84375
e = }I (2.84375 + 9.875 + 559375 + 6.125) = 6.109375
u, = ‘]1 (6.109375+14 +9.8671875 +9.5) = 9.8691406
i, = 1 (0+6.125 +2.84375 + 3) = 29921875
g = % (29921875 +9.5+6.109375+6) = 61503906
iy = }; (6.1503906 + 13 + 9.8691406 + 9) = 9.5048828

Now we have the first iterative values correct to three decimal places

u, = 2.375 Uy = 5.594 o = 9 867 Wy = 2.844 g = 6.109
o= 9.869 U, = 2,992 g = 6.150 Hy = 9.505

Second iteration

T 1 (0+5.594+1+2.844) = 2.36

iy = 1 (2.36+9.867+4 +6.109) = 5.584
Uy = }1 (5.584 +15 + 9 +9.869 } = 9.863
Uy = % (0+6.109 +2.36 +2.992) = 2.865
g = % (2.865 +9.869+ 5.584 + 6.150 ) = 6.117
u, = % (6117 +14+9.863+9.505) = 9.871
i = i (0+6.150 +2.865+3) = 3.004
tty = i (3.004 +9505+6.117+6) = 6.156
g = 1 (6.156 +13+9.871+9) = 9507

Thus the required second iterative values correct to two decimal places are as follows.

u, = 2.36 Hy = 5.58 Uy = 9.86 u, = 2.87 He = 6,12
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15. Solve: u_ + U,y = 0 in the following square region with the boundary conditions as
indicated in the figure.
500100100 s

“ ] u"}

20 —10

30 113 114 0

)
>> We shall apply standard five point formula for y, Uy U U, toobtain a system

of equations.

1 ] 1

y =4 (0+uy +100+uy) ; u, = g (U +0+100+u,)
1 0y u ol

u3=4(30+1{4+111+ ) ,u4—4(“3+0"‘”2+0)

Now we have a system of equations to be solved.

duj—u,—u, =120 AD
—u1+4u2 —u, = 100 ... (2)
~uy +tduy-u, = 30 ... (3)
~Hy —Uy +du, =0 (4

Let us eliminate u, from (1) and (2} ; (2) and (3}
That is 15uy—uy~4u, = 520 ... (5)
duy,—4du, = 70 ...{6)

We shall now eliminate U, from {4) and {5)

That is 14uy-2u; =520 . A7)
Let us solve (6)and (7): 2 Uy =21y = 35 ... (6)
141, -2 uy = 520 A7)

tuy = 404, ty = 22.9
Hence from (1) u; = 45.825 and from (4) uy = 15.825

Thus the required values at the interior mesh points are
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uy = 45.825, u, = 404, u, = 229, u, = 15.825

Note : We can employ iterative process for better accuracy in the values.

12 42
16. Evaluate the function u(x, y) satisfying du + ru 0 at the pivotal points

EY R Ve

given the values on the boundary as indicated in the figure

0 1 4 9

T
0 4

i i 4
0 2 1

0 (

>> Letus apply the standard five point formula for ty, Uy Uz 4

1 1
U, = i (0+u2+1+u3} P Uy = E (u1+4+4+u4)
1 o, =1
Uy = (0+u4+u]+0) iy =g (u3+1+u2+0)

Now we have a system of equations

4u14u2—u3=1 (D
—u1+4u2—u4=8 o (2)
-u]+4u3-u4=0 ...{3)
—uz—u3+4u4= 1 ()

Eliminating u, from (1) and (2) ; {2) and (3) we have
15u2—u3-4u4=33 ...{5)
4u2—4u3:80r Uy =y = 2 ..-{6)

Eliminating u, from (4) and (5) we have

14u2—2u3=34 A7)
Solving (6) and (7) we get u,; = 0.5, u, = 25
From (1) we get u; =1 and from (4) weget u, = 1

Thus the required values at the interior mesh points are
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ST ,
17. Solve the Laplace’s cquatumg PR S for 0 < x < 1,0 <y <1, given that
on? 81;2 ) ‘

u{x, 0)=u(0, y)=0, u(.r,hl) =6y, D<x =<1 and
u(l,y)=3y, 0 <y <1 Dividethe region info 9 square meshes.

>> Since the region is divided into 9 square meshes the stepsize for both x and y is
1/3. The points of division are 1/3 and 2/3. The values of x and yare0,1/3,2/3, 1.
The values of i ( x, i) on the boundary are found by using the given data.

i #(x,0)=0 = 1(0,0)=0, u(1/3,0)=0
(273, 0y=0, u(1,0)=0
i) w(0,y)=0 = u(0,0)=0, u(0,1/3)=0
w(0,2/3)y=0, u(0,1)=0
(i) w(x, 1) =6x = w{l/3,1)=2, u(2/3,1)=4 #(l,1)=6
(v) u(l,y) =3y = wu(l, 1/3y =1, i(l,273)=2

The values are represented in the following figure.

0 2 4 6
1 i
0 f 2 5
i H
0 * 1
0
0 0 0

Let u;, u,, u,y, u, be the interior mesh points of the region. We shall apply

standard five point formula for Hy, ty, Uy, i, thatleads to the following equations.
1= 3 Orip 42400y 5wy = 2 (424, +4)

1 1
y =y ([)+u4+0+ M) ooy = i (1541 + 0+, )
Thus we have to solve the following system of equations :

41.*1—u2—n3 =2 ()

—141+4z£2—u4=6 . {2)
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—uy 4y -u, =0 . (3)
—112—u3+4u4=1 o)

Eliminating u, from (1), (2) and (2), (3) we have

15112—u3—4u4 = 26 ()

41{2—41,13 =6 ... {6)
Also {4) + (5) will give us

14u, - 21y = 27 )

From (6) and (7) we get u, = 2, 1, = 1/2
Further we obtain from (1), 2) u, = 9/8, u, = 7/8
Thus the required u, = 98, u, = 2, u, = 172, u, = 7/8

H

18. Solve the elliptic partial differential equation for the following square mesh using the 5
point difference formula by setting up the linear equations at the unknown points
P,Q,R,S

1 e

1 S
>> The linear equations for the unknowns by applying the 5 point difference formula
are as follows:

P:%(1+Q+1+S) ; Q:l—(P+4+R+2)
R=i(S+5+5+Q) ; S:i(2+R+4+P)
That is, AP-Q-5 =2 (D)
_P+4Q-R =6 O
~Q+4R-§ = 10 .. (3)
_P-R+4S =6 &)
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19. Solve the elliptic equation ot = 0 for Hie following square mesh with boundary
values as shown. Find the first iteratioe values of u, (i =1 to 9) tothe nearest integer.

0 500 1000 500 g

7 i~ i

1000 2 1000
N M I

2000 2 2 ¢ 12000
FIE I

1000 L1 1" 4600

0 500 1000 500 0

>> g is located at the centre of the region and hence by the standard five point

formula,

1 .
tg = 1 ( 2000 + 2000+ 1000 + 1000 ) = 1500

Next we shall compute u,, s, i, 1y by the diagonal five point formula .
1
ty = 3 (0+1500 + 2000 + 1000} = 1125
Hy = _1 ( 1000 + 2000 + 1500 + 0) = 1125

Also Mo = 1125 = ,

Further we compute u,, wu, te, by SF.

iy = b (11254 112541000+ 1500 ) = 11875

2 3
1

ty = 1 (2000 + 1500 + 1125 + 1125) = 14375
1

lig = 1 ( 1500 + 2000 + 1125 + 1125 ) = 14375
1

g = 3 (1125 + 1125+ 1500 + 1000 ) = 1187.5

These values are regarded as the initial approximations to commence the Licbmann’s
iteration. We compute (i =1 to 9)in the serial order by using the latest iterative

values on hand by applying S.F.
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First iteration

Wt = % [ 1000 +1187.5 + 500+ 1437.5 ] = 1031.25

') = i [ 1031.25 + 1125 + 1000 + 1500 | = 1164.0625
W) = i [ 1164.0625 + 1000 + 500 + 1437.5 ] = 1025.3906
(! = % [ 2000 + 1500 + 1031.25 + 1125 | = 1414.0625
ull) =-i [ 1414.0625 + 1437.5 + 1164.0625 + 1187.5] = 1300.7813
! = % [ 1300.78 + 2000 + 1025.3906 + 1125 | — 1362.7930
W = %—[1000-%118?5—+14140625—b500] - 1025.3906
wtl) = i [ 1025.4 + 1125 + 1300.7930 + 1000 | = 1112,7930
= i [ 1112.7930 + 1000 + 1362.7930 + 500 | = 993.8965

Thus the required first iterative values to the nearest integer are as follows.

Hy = 1031, u, = 1164, u, = 1025, u, = 1414

20. Solve the elliptic cqation e, 410, = 0 at the pivotal points for the following square miesh

using Lichman’s method.

A B
1 Hy
300 100
H; ”4
400 : 200
300 300 ¢

o Itis evident that the values at the two boundary points on AB are respectively 200
and 100. We have by Liebman’s method,
1

A (u1+100+100+u4)

It
il

i ‘li (300 + u, + 200+ 114) Uy

1

1 :1(400+u4+ul+400) u i(u3+200+u2+300)

3
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That is,
4u1—u2—u3 = 500 o AD
—u}+4u,1f2—u4 = 200 o {2)
—u1+4u3—u4 = 800 .. (3)
—Uy—ua+du, =500 o)

Thus by solving these ( as before ) we obtain the values at the pivotal points.

u1=250, u, =175, u3=325, u, = 250

EXERCISES
Solve: u,, = 16 . taking h =1 in five steps given that

#(0, £y =0, u(5 1) =0 u,(x0)=0and u(x, 0) = ¥(5-x)

=

2. Solve: u, = 004u,, atthe mesh points given that
u{0,t)=0=u(51t), u,(x, 0) =0 and

2x, 0<x<572 _
“(x 0) = {10~2x, 52<yxcs5 (Takel=1)
compute u(x, f) for 0 <t < 1,
3. Solve: Mex = M,y giventhat u (0, 1) = 0 = (4, t), u(x,0) =0 and

u(x, 0) = x—(-%-x—) by taking /' = 1. Find u(x, £) for 0 < f < 5,

4. Solve : U, = u, subject to the conditions u(0, t) =0 =u(5 ¢t) and
u(x, 0) = x2(25—x2} by taking # = 1. Carryout 5 steps.

5. Find the values of u(x, t) satisfying the parabolic equation W= 4w

subject to the conditions u (0, Y =0=wu(8, t)and u(x, 0y = % (8-x)
atthepoints x =7, i=0, 1, 2, 3-8 t=4j=0,12

6. Using Schmidt’s formula solve u = 2”1 with the conditions u (0, t) = 0,
#(12,t)=9 for 0<t<12 and u(x,{]}zi(IS—x)forOﬁxSlZ
taking £ =3 = k

7. Solve : u_ Uy, = 0 over the square region of side 4 units subjected to the
following bound-ary conditions :
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EXERCISES
i) u{(0,y)=20 for 0sy<4
(i) u(4, y)=8+2y for 0<y<4
(i) u(x, 0) = x2/2 for 0<x<4
(iv) M(Jc,4)=34:2 for 0<x=<4

Perform two Liebmann’s iterations.

8. Bvaluate u(x, y) satisfying Laplace’s equation in two dimensions at the lattice
points given the values on the boundary as indicated in the following figure

1000

2000

2000

1000

1000 1000

(Keep the answer to the nearest integer)

L a0
0 0
S 0
—— 2_ . _9_.._. -
30
4 0
5 0
00
R N
25 L0
R
a5 |0
NN

1000
Hl ”2
500

Hi M

3 4 0

300 0 )
ANSWERS

1 .2 3 4 5
41 18 | 16 0
6 11 14 19 4 0
7o 8 o2 -2 | 0
2_ -2 -8 -7 0
-9 | -4 -1 -6 | 0
-6 | -18 __ -12 -4 | 0
1 Py 3 4 5

2 4 4 2 0
2 3 .3 L 2 0
1 1 1 1 0
-1 -1 -1 -1 0
-2 -8 | -3 -2 1 0
-2 -4 | -4 -2 | 0
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0 0 15 2 .15 0
1 .0 | 15 R 0
2 0 0 0 U 0
3 3 0 -1 -15 -1 _ 0
4 N -15 -2 ., -5 0
5 0 -1 . -15 -1 . 0

A R 12 3 4 5
o024 e w0
20 42 s 7?0
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20 30 25 495 | ®B75 . 0
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12 ! 0 | 6604 10639 . 11104
=2, Uy = 4.92, Uy =9, Hy = 2.07

Ug = 4.69, e = 8.07, o, = 1.57, Ug = 371, Hy = 6.57

=
-
Il

1208, Uy = 792, iy 1042, Uy = 458



